We construct a connection and a curving on a bundle gerbe associated with lifting a structure group of a principal bundle to a central extension. The construction is based on certain structures on the bundle, i.e. connections and reduced splittings. The Deligne cohomology class of the lifting bundle gerbe with the connection and with the curving coincides with the obstruction class of the lifting problem with these structures.
Introduction
Lifting the structure group of a principal bundle over X to a central extension has an obstruction described by a cohomology class in H 2 (X, T) ∼ = H 3 (X, Z). We can represent the class using the notion of bundle gerbe invented by Murray [10] . A lifting problem defines a so-called lifting bundle gerbe whose DixmierDouady class is the obstruction class [10, 11] .
In [3] , Brylinski defined a class in the Deligne cohomology group
which expresses an obstruction of the lifting problem with certain geometric structures: a connection and a (reduced) splitting. A splitting [3] gives a split of the adjoint bundle of a lifting as a vector bundle, and a reduced splitting is a geometric structure on the underlying bundle which produces a splitting. If the class in the Deligne cohomology is trivial, then there is a lifting equipped with a connection compatible with the given connection whose scalar curvature vanishes (see Section 4) . It is also known in [10, 11] 
that any bundle gerbe admits differential geometric structures called connections and curvings (bundle gerbe curvatures).
A bundle gerbe with such structures defines a class in the Deligne cohomology group. This correspondence gives a bijection from the stable isomorphism classes of bundle gerbes with the structures to the Deligne cohomology.
In this paper we construct explicitly a connection and a curving on a lifting bundle gerbe which give the same Deligne cohomology class as the obstruction class.
As an example we study the loop bundle [5, 8] LP → LM induced from a principal SU (2)-bundle P → M . In this case a connection A on P defines both a connection and a reduced splitting of LP . The curving coincides with the 2-form on LP defined by Coquereaux and Pilch [5] in extending a relation between 2-forms on the loop group to a relation on LP . As a consequence we can relate the curving to the transgression of the Chern-Simons form [6] , and the 3-curvature [10, 11] to the transgression of the characteristic form defined by the connection on P .
In addition we study the case that we have a compact oriented 2-manifold Σ with boundary ∂Σ = S 1 . We construct a lifting of the pull-back of LP under the restriction map r : C ∞ (Σ, M ) → LM and give a connection on the lifting. From the connection we obtain a 2-form on C ∞ (Σ, M ) which cobounds the pull-back of the 3-curvature. The 2-form is also related to the transgression.
Recently, Murray and Stevenson [12] also described a connection and a curving on the lifting bundle gerbe associated with a loop group bundle. They use twisted Higgs fields to define curvings. We briefly see that both expressions of the reduced splitting and of the curving discussed in our example include twisted Higgs fields.
The organization of this paper is as follows. In Section 2 we introduce Deligne cohomology groups. In Section 3 we recall ordinary lifting problems and observe the problems with connection. In Section 4 we introduce splitting and scalar curvature, and consider the lifting problems with connection and reduced splitting. In Section 5 we overview bundle gerbes. Section 6 contains the main result. We construct the connection and the curving on a lifting bundle gerbe. In Section 7 we study an example of lifting problems associated with loop bundles.
Deligne cohomology groups
We introduce Deligne cohomology groups which are certain refinements of usual cohomology groups.
Definition 2.1 ([3]
). Let n, m be non-negative integers and X a smooth manifold. We denote the sheaf of T-valued functions by T and the sheaf of R-valued differential q-forms by Ω q . We denote by F m the following complex of sheaves
We define the Deligne cohomology group by the hypercohomology group of the complex of sheaves H n (X, F m ).
Usually hypercohomology groups are computed byČech cohomology groups [1, 3] . If we take an open cover U of X, then we have a double complex. One coboundary operator d comes from that on F m . Another operator δ is theČech coboundary operator. We denote byȞ n (X, F m ) the cohomology of the total complex. The hypercohomology H n (X, F m ) is isomorphic to the direct limit of 
where Ω n+1 (X) 0 is the group of closed (n + 1)-forms on X whose periods are
Lifting problems, I
Following the book of Brylinski [3] , we see lifting problems and the associated obstruction classes. We consider the ordinary lifting problems first and the lifting problems with connection next. Let Γ be a Lie group and Γ a central extension of Γ by the unit circle T = {u ∈ C| |u| = 1}
This induces a central extension of the Lie algebra LieΓ by LieT = √ −1R
We always identify the elements contained in the center of Γ (resp. Lie Γ) with T (resp. √ −1R) without mentioning. The Lie brackets of these Lie algebras are
If we replace the center T by C * , then we obtain corresponding results under appropriate modifications. Definition 3.1. Let π : B → X be a principal Γ-bundle. A lifting ( B, q) is a Γ-bundle π : B → X with an equivariant map q : B → B which satisfies q( b · γ) = q( b) · q( γ) for b ∈ B and γ ∈ Γ.
As is well-known, a principal Γ-bundle B → X is expressed by local data as follows. Let U = {U α } be a good cover of X. We abbreviate the notation of intersections as U α1...αN = U α1 ∩ · · · ∩ U αN . On each U α we can take a local section s α : U α → B| Uα . The transition function g αβ : U αβ → Γ is defined by s β = s α g αβ on U αβ = ∅, and the cocycle condition g αβ g βγ = g αγ holds on U αβγ = ∅. Conversely, a system of transition functions satisfying the cocycle condition gives a principal bundle.
When we try to construct a lifting of B, the lifted functions g αβ : U αβ → Γ such that q( g αβ ) = g αβ are candidates for the transition functions of a lifting. The failure to satisfy the cocycle condition gives rise to the obstruction class of the lifting problem.
Theorem 3.2 ([3]
). Let B → X be a Γ-bundle, {g αβ } the transition functions of B defined by local sections {s α } with respect to a good cover U. Take functions g αβ : U αβ → Γ such that q( g αβ ) = g αβ , and define z αβγ : U αβγ → T by The proof can be found in the proof of Theorem 4.13 and is omitted.
Next we take into account the information of connections. Before discussion we observe a property of the Maurer-Cartan form which is easily proved. Proof. If θ and θ ′ are connections compatible with θ, then the difference θ ′ − θ is a 1-form on B with values in √ −1R, the center of the Lie algebra of Γ. By the property of connection, the 1-form on B descends to a 1-form on X. Conversely, if α is a 1-form on X with values in √ −1R, then θ + π * α is a connection on B. It is easy to see that the connection is compatible with θ.
A connection on B → X is also described by local data. For a good cover U of X and local sections s α : U α → B| Uα we define the connection forms by θ α = s * α θ. The connection forms satisfy θ β = g αβ −1 θ α g αβ + g * αβ µ, and this is the condition sufficient to have a global connection. The differential forms θ α ∈ Ω 1 (U α ; Lie Γ) such that q * ( θ α ) = θ α are candidates for the connection forms of a global connection compatible with θ. Again the failure to satisfy the conditions for global existence gives rise to the obstruction class.
Theorem 3.6 ([3]
). Let {g αβ } and {θ α } be the transition functions and the connections forms of a Γ-bundle B → X with a connection θ defined by local sections {s α } with respect to a good cover U. Take g αβ : U αβ → Γ such that q( g αβ ) = g αβ , and θ α ∈ Ω 1 (U α ; Lie Γ) such that q * ( θ α ) = θ α . We define z αβγ and u αβ by We also omit the proof, since all the ideas to prove this are contained in the proof of Theorem 4.13. Note that the lifting problem with connection is equivalent to the ordinary lifting problem as is indicated by the following. Proof. If we are given a lifting, then we can locally construct a compatible connection using the property of the Maurer-Cartan form (Lemma 3.3). Recall that the space of compatible connection is an affine space. Hence, we obtain a compatible connection globally using a partition of unity.
given by Theorem 2.2 (b) also proves this proposition.
Lifting problems, II
Here we take into account the information of curvatures using splitting and scalar curvature [3] . In general, the corresponding lifting problems are not equivalent to the ordinary lifting problems.
The Lie group Γ acts on the exact sequence (2) by the adjoint action. The adjoint action of Γ on the center √ −1R is trivial. The adjoint action of Γ on LieΓ is identified with that of Γ, i.e. Ad γ X = Ad q( γ) X for γ ∈ Γ and X ∈ LieΓ.
Suppose that there is a lifting ( B, q) of a Γ-bundle B, then we have the exact sequence of adjoint bundles
This implies that B × Ad Lie Γ is isomorphic to the direct sum of
as vector bundles. A bundle map which gives this isomorphism is a splitting.
Definition 4.1 ([3]). A splitting of B is a vector bundle map
which is identity on the subbundle B × Ad ( √ −1R).
Proposition 4.2. The set of splittings of B is an affine space under the vector space of sections of the vector bundle Hom(B
If splittings L and L ′ are given, then we have a map ε :
We can show that ε is trivial on the subspace B × √ −1R and satisfies ε( b, X) = ε( b γ, Ad γ −1 X). Hence ε can be restricted to B × LieΓ and gives rise to a section of Hom( B × Ad LieΓ, B × Ad ( √ −1R)). Conversely, a section of the vector bundle produces a new splitting by the translation.
We study an equivalent description of a splitting which plays an important role in this paper. (2) as vector spaces. We define a map
for some γ ∈ Γ such that q( γ) = γ.
We call Z σ the group cocycle for the central extension Γ because it indeed gives a group 1-cocycle [2] of Γ with coefficients in Hom(LieΓ, √ −1R).
Lemma 4.4. Z σ is well-defined and satisfies
If σ ′ is the other split, then we have
where σ ′ − σ is regarded as a linear map LieΓ → √ −1R.
Proof. Since the adjoint action of the center T on Lie Γ is trivial, the choice of γ does not matter and Z σ is well-defined. We can prove the formulas by the fact that the adjoint action of Γ on the center √ −1R is trivial.
Remark. If a split σ is given, then the Lie algebra cocycle for the central extension Lie Γ is defined by
There is a relation between Z σ and ω σ :
Definition 4.5. A reduced splitting of a Γ-bundle B with respect to a split σ is defined as a map ℓ σ : B × LieΓ → √ −1R which is linear on each element of B and satisfies
for all (b, X) ∈ B × LieΓ and γ ∈ Γ. We say reduced splittings ℓ σ ′ and ℓ σ are equivalent if the relation
holds for all (b, X) ∈ B × LieΓ. The equivalence class is denoted as ℓ σ .
Notice that the relation (10) is equivalent to 
This indicates thatL( b, σ(X)) depends only on q( b). Hence we get a reduced splitting with respect to σ. Conversely, let ℓ σ be a reduced splitting. We can uniquely decompose any element X ∈ Lie Γ as X = σ(X) + z, where X = q * ( X) and z is in the center. If we putl Proof. Note that the space of reduced splittings with respect to a fixed σ is an affine space. On the trivial bundle X × Γ → X we can define a reduced splitting by ℓ σ ((x, γ), X) = Z σ (γ, X). Since any principal bundle is locally trivial and the space of reduced splittings constitutes an affine space, we have a global reduced splitting by using a partition of unity.
Proposition 4.10. Let ℓ σ be a reduced splitting of a Γ-bundle p : B → X, and ϕ :
Proof. An element in ϕ * B is given by (
. Using this expression we can easily check that ℓ σ • (φ × id) is a reduced splitting.
We call the reduced splitting constructed in this manner the pull-back of a reduced splitting. The pull-back of reduced splitting behaves well under the composition of maps of base spaces.
If we have a splitting, then we can extract the "scalar component" from the curvature of a compatible connection. 
Lemma 4.12 ([3] ). Let θ be a connection on a lifting B, and π : B → X the projection. For the connection θ + π * α defined by α ∈ √ −1Ω 1 (X) we have
Proof. Since F θ+ π * α = F θ + π * dα and a splitting is the identity on the subbundle X × √ −1R, we have the result.
When a splitting L is induced from a reduces splitting ℓ σ , we have
For tangent vectors V, W at x ∈ X the value of the scalar curvature is expressed as
where b is a point of B such that π( b) = x, andṼ ,W are tangent vectors at b such that π * Ṽ = V and π * W = V . On a sufficiently small open set U ⊂ X we can take a local section s : U → B| U . We rewrite (15) as
Note that if we take the other split ℓ σ ′ such that ℓ σ = ℓ σ ′ , then we have the same expression. Using this expression we define the obstruction class of the lifting problem with connection and reduced splitting.
Theorem 4.13 ([3]
). Let P → X be a Γ-bundle with a connection θ and a reduced splitting ℓ σ . We denote by {g αβ } and by {θ α } the transition functions and the connection forms induced from local sections {s α } with respect to a good cover U. Take g αβ : Proof. First note that the values of z αβγ and u αβ are contained in the center of Γ and Lie Γ respectively as a consequence of the cocycle condition of g αβ and θ α . For (a), the following equalities obtained by direct computation show the cocycle condition of (z αβγ , u αβ , K α ):
By the definition the values of K α are invariant under the change of a representative of an equivalence class of reduced splittings. We can verify that resultinǧ Cech cohomology class is independent of the choice of local section s α and of the choice of g αβ , θ α . The standard argument shows that the definition of the class is independent of the choice of U. For (b), if we have a lifting and a compatible connection whose scalar curvature vanishes, then theČech cocycle is obviously trivial by the definition. Conversely, if the class is the coboundary of aČech cochain (h αβ , k α ), then we put
These data give a lifting B and a compatible connection θ. The scalar curvature is calculated as
Bundle gerbes
To make this paper self-contained we briefly explain bundle gerbes which were originally invented by Murray. Details are in the papers [10, 11] , and we omit the proofs. As a bundle gerbe is a geometric object representing a degree 3 integral cohomology class, a gerbe [3, 4] is also such a geometric object. The relation between gerbes and bundle gerbes can be seen in [10, 11] too. A map π : Y → X is called locally split [11] if the following condition holds: for every x ∈ X there is an open set U containing x and a local section s : U → Y . By the definition a locally split map is surjective. Locally trivial fiber bundles give examples of locally split maps. We define the fiber product by
is similarly defined. We define the projection π 12...î...p :
by omitting i-th component.
Definition 5.1 ( [10, 11] ). Let (P, Y ) be a pair consisting of a locally split map π : Y → X and a principal T-bundle P over Y [2] . A product on P is defined by a bundle isomorphism m : π * 12 P ⊗ π * 23 P → π * 13 P which is associative whenever the triple product exists. A pair (P, Y ) together with a product on P is called a bundle gerbe over X.
An isomorphism of bundle gerbes (P, Y ) and (P
′ is a fiber preserving map andF : P → P ′ is an isomorphism of T-bundles which covers the induced map F [2] and commutes with the products on P and P ′ . A T-bundle Q over Y defines a bundle gerbe (δ(Q), Y ) by δ(Q) = π * 1 Q * ⊗ π * 2 Q, where Q * is the inverse of the T-bundle Q. A bundle gerbe is called trivial if it is isomorphic to (δ(Q), Y ) for some Q and Y .
There is a characteristic class for bundle gerbes defined as follows. Let (P, Y ) be a bundle gerbe over X. Since π : Y → X is locally split, we can take local sections s α : U α → X with respect to a good cover U. These sections induce (s α , s β ) : U αβ → Y [2] . Because U αβ is contractible there is a section σ αβ : U αβ → (s α , s β ) * P . Using the product on P we have g αβγ : U αβγ → T defined by m(σ αβ , σ βγ ) = σ αγ g αβγ . Then (g αβγ ) defines a cohomology class
called the Dixmier-Douady class. If a bundle gerbe (P, Y ) over X and a map ϕ : X ′ → X are given, then we have the pull-back of the bundle gerbe ϕ
The Dixmier-Douady class is natural in the sense that ϕ
Theorem 5.2 ([10, 11]). A bundle gerbe (P, Y ) over X is trivial if and only if the Dixmier-Douady class is trivial in
It is known that we can construct bundle gerbes which are not isomorphic but have the same Dixmier-Douady class. Hence the notion of stable isomorphism is introduced in [11] . The product of bundle gerbes (P, Y ) and
. Bundle gerbes (P, Y ) and (Q, Z) are stably isomorphic if there exist trivial bundle gerbes T 1 and T 2 such that the bundle gerbes P ⊗ T 1 and Q ⊗ T 2 are isomorphic.
Theorem 5.3 ([11]). There is a bijective correspondence between the stable isomorphism classes of bundle gerbes over X and
Next we introduce differential geometric structures on bundle gerbes. There are a bundle gerbe connection for any bundle gerbe, and a curving for any bundle gerbe connection. Note that the choice of bundle gerbe connections and curvings is not unique.
Let Q → Y be a T-bundle. A connection α on Q defines a bundle gerbe connection δ(α) = −π * 1 α + π * 2 α on δ(Q). For a bundle gerbe connection we can take F α as curving. A bundle gerbe with connection and curving is called trivial if it is isomorphic to (δ(Q), δ(α), F α ) for some Q and α.
For a bundle gerbe with connection and curving (P, ∇, f ) we define a class in the Deligne cohomology group H 2 (X, F 2 ). On (s α , s β ) * P we have the induced connection ∇ αβ = (s α , s β ) * ∇. Using the section σ αβ we put A αβ = −σ * αβ ∇ αβ . For a curving f for a connection ∇ we put f α = −s * α f . Then (g αβγ , A αβ , f α ) defines a class in H 2 (X, F 2 ). The pull-back of bundle gerbe with connection and curving is defined by ϕ * (P, ∇, f ) = ((φ [2] ) * P, (φ [2] ) * ∇,φ * f ). The Deligne cohomology class also satisfies the naturality under the pull-back.
Theorem 5.5 ([11]). A bundle gerbe with connection and curving is trivial if and only if the corresponding class
The notion of stable isomorphism is defined similarly.
Theorem 5.6 ([11]). There is a bijective correspondence from the stable isomorphism classes of bundle gerbes with connection and curving over X to the Deligne cohomology group
For a curving f of a connection ∇ on (P, Y ) there exists Ξ ∈ √ −1Ω 3 (X) such that df = π * Ξ. This 3-form is called the 3-curvature of (P, ∇, f ). It is known that 
Main results
First, we recall the lifting bundle gerbe associated with an ordinary lifting problem. We fix a central extension Γ of a Lie group Γ. Proof. Note that (s α , s β ) * J B = g * αβ Γ, where g αβ is the transition function of B. If we take the section as σ αβ = g αβ , then we have g αβγ = z αβγ .
Corollary 6.3 ([10]). A Γ-bundle B admits a lifting if and only if the lifting bundle gerbe (J B , B) is trivial.
Now we construct a connection on the lifting bundle gerbe. For the purpose we use a connection on B and a split σ of the Lie algebras.
Lemma 6.4. Let µ and µ be the Maurer-Cartan forms on Γ and Γ respectively. If a split σ : LieΓ → Lie Γ is given, then a connection on the T-bundle q : Γ → Γ is obtained by ν σ = µ − σ(q * µ). The curvature of the connection is F νσ = − Proof. Since we have q * ( µ) = q * µ, the 1-form ν σ takes values in √ −1R. By the basic properties of the Maurer-Cartan form we can show that the 1-form is a connection on the T-bundle. The curvature of this connection is easily computed using the Maurer-Cartan equation.
(b) For a connection θ on B we have
Proof. The formulas (20) and (21) are directly proved. (22) is proved as follows.
A tangent vector at (
The push-forward of the vector under ζ can be expressed as
, where X 12 ∈ LieΓ = T e Γ. Then we have an equality of tangent vectors V 2 − R ζ(b1,b2) * V 1 = X * 12 , where X * 12 denotes the fundamental vector field generated by X 12 . This establishes (22). 
is a connection on the lifting bundle gerbe (J B , B), where ρ : J B → B [2] is the projection.
Proof. This theorem is the consequence of the following two formulas:
where ρ ij : π * ij J → B [3] is the projection induced by the projection ρ and we omit the subscription of Z σ and ν σ . The first formula is verified by an explicit computation of the value of the 1-forms. In the computation we use (20) and (21). Note also the formula m * (v 1 , v 2 ) = R γ2 * v 1 + L γ1 * v 2 , where m : Γ × Γ → Γ is the group product and v i ∈ T γi Γ for i = 1, 2. The second formula is checked by (8) and (22). Proposition 6.7. For splits σ and σ ′ of the Lie algebra we have
Proof. Using ν σ ′ − ν σ = −(σ ′ − σ)(q * µ) and (9) we obtain
Then the formula follows from ζ * q * µ = ρ * ζ * µ and (22).
In order to construct a curving for the connection on the lifting bundle gerbe we use a reduced splitting with respect to the split σ which we use to define the bundle gerbe connection. 
Proof. (a) is proved by direct computation. For (b), using Z σ and the invariance of the bracket under the adjoint action, we can rewrite the left hand side of
, then we have the right hand side of (28).
Theorem 6.9. Let B be a Γ-bundle, θ a connection on B, and ℓ σ a reduced splitting of B with respect to a split σ. If we define κ θ,σ ∈ √ −1Ω 2 (B) by
then the curvature of the connection ∇ θ,σ defined from θ and σ is expressed as
Therefore a curving for ∇ θ,σ is given by
Proof. This is proved by the following formulas
The first formula follows from (22), (27) and (28). To prove the second formula we substitute tangent vectors and compare the values. In the computation we use (10) and the property that value of a curvature vanishes for any fundamental vector field. 
Proof. Easily we have ω σ ′ (θ, θ)−ω σ (θ, θ) = −(σ ′ −σ)(dθ). Using (11) we obtain κ θ,σ ′ − κ θ,σ = (σ ′ − σ)(F θ ). These formula prove the proposition.
Theorem 6.11. Let (B, θ, ℓ σ ) be a Γ-bundle over X equipped with connection and reduced splitting. We denote by (J B , ∇ θ,σ , f θ,σ ) the lifting bundle gerbe with connection and curving induced from (B, θ, ℓ σ ). In H 2 (X, F 2 ), the Deligne cohomology class of (J B , ∇ θ,σ , f θ,σ ) coincides with the obstruction class of (B, θ, ℓ σ ).
Proof. We show that theČech cocycles of the Deligne cohomology classes coincide exactly under an appropriate choice. We fix sections {s α } of B with respect to a good cover U. First, we take g αβ to define z αβγ . Recall the proof of Theorem 6.2. We can take the section of (s α , s β ) * J B as g αβ . As a consequence z αβγ = g αβγ holds. Secondly, to define u αβ we can take θ α = σ(θ α ). Using ν σ and Z σ we obtain
This theorem and Theorem 4.13 establish the following. The theorem combined with Theorem 5.5 also gives a corollary which is a generalization of Corollary 6.3. We describe the relation between a scalar curvature and a curving. Proposition 6.14. If (B, θ) admits a lifting B and a connection θ compatible with θ, then the scalar curvature of θ which is defined by the splitting induced from ℓ σ is expressed as
where F N is the curvature of the connection N = θ − σ( q * θ) on the T-bundle q : B → B. Moreover the 3-curvature of (J B , ∇ θ,σ , f θ,σ ) is expressed as
Proof. If θ is a compatible with θ, then the 1-form N takes values in √ −1R. The basic properties of connection show that N is indeed a connection. It is straight to see
. Using this formula, we obtain (35). Differentiating (35) we have (36).
Finally we see the naturality of the bundle gerbe connections and of the curvings constructed here.
Theorem 6.15. Let (J B , ∇ θ,σ , f θ,σ ) be the lifting bundle gerbe over X with connection and curving induced from (B, θ, ℓ σ ). For a map ϕ :
, where we use the pull-back of the reduced splitting defined in Proposition 4.10.
Proof. The lifting bundle gerbe of the pull-back is by definition J ϕ * B = ζ ′ * Γ, where ζ ′ : (ϕ * B) [2] → Γ is defined in the same way as ζ. Because ζ ′ = ζ •φ [2] holds, we can directly construct the isomorphism of this theorem.
Examples
We give an important example of lifting problems. We set G = SU (2) and denote by LG = C ∞ (S 1 , G) the space of loops in G. By the pointwise product LG is an infinite dimensional Lie group known as the loop group [13] . The Lie algebra of the loop group is Lg, the space of loops in the Lie algebra g of G. It is well-known that there exists a central extension LG of LG called the Kac-Moody group [13] for each k ∈ Z. We can take a split of Lg such that the Lie algebra cocycle is given by
We fix the split and omit subscriptions. 
Proof. Using (28) and (37) we have
Because SU (2) is simple, we have Lg = [Lg, Lg] and the proof is completed.
We can also obtain this formula by the computation based on an explicit construction of the central extension [9] .
If we consider a principal G-bundle π : P → M , then we have a natural LGbundle π L : LP → LM called the loop bundle. In this case, a lifting is called a string structure and the obstruction class is called the string class [5, 8] .
It is easy to see that a connection A on P induces a connectionĀ on LP bȳ A(p; V, W ) = A(p(t); V (t), W (t)). Moreover, A gives a reduced splitting. 
Proof. It is clear that ℓ is linear if p ∈ LP is fixed. So we show that ℓ satisfies (10) . We have the following relation between g-valued 1-forms on S 1 .
(pγ) * A = Ad γ −1 p * A + γ −1 dγ.
Since Tr is invariant under the adjoin action of G, the proposition is proved.
By the result of previous section (LP,Ā, ℓ) induces the lifting bundle gerbe with connection and curving (J LP , ∇Ā, fĀ). The curving is explicitly given as fĀ(p; V, W )
= − k √ −1 2π This 2-form on LP appears in the work of Coquereaux and Pilch [5] . To see their work, we introduce the transgression maps or averaged evaluations for differential forms. Let F be a compact oriented m-dimensional manifold, and α an n-form on a manifold X. We denote by C ∞ (F, X) the space of smooth maps from F to X. We pull α back by the evaluation map ev : C ∞ (F, X) × F → X, and apply the fiber integration to C ∞ (F, X) × F → C ∞ (F, X). Then we have an (n − m)-form τ F α = F ev * α on C ∞ (F, X) and the transgression map τ F : Ω n (X) → Ω n−m (C ∞ (F, X)). The transgression and the exterior derivative satisfy Stokes' formula: (−1) m dτ F α = τ F dα − τ ∂F α. In the case that F = S 1 we write the transgression map as τ L . There is a relation between 2-forms on LG
where σ ∈ Ω 3 (G) and β ∈ Ω 1 (LG) are given by
β(γ; L γ * X) = k 8π 2
In [5] , Coquereaux and Pilch described the following relation as a fiberwise extension of (43):
where CS ∈ Ω 3 (P ) is the Chern-Simons form [6] 
and Υ ∈ Ω 1 (LP ) is defined by
Tr (p * A A(p; V )) .
Using the formula (46) we can see that the 3-curvature is Ξ = −2π √ −1τ L ξ, where ξ =
